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Abstract 
Myrvold, W., The degree sequence is reconstructible from n - 1 cards, Discrete Mathematics 
102 (1992) 187-196. 
A vertex-deleted subgraph (or card) of a graph G is obtained from G by deleting the vertex v 
and all edges incident to v. In this paper, we prove that for all graphs on seven or more 
vertices, the degree sequence can be reconstructed from any (n - 1)-subset of the cards where 
n is the number of vertices of G. 
1. Introduction 
In this paper, all graphs considered are simple (they have no loops of multiple 
edges), finite and undirected. Any graph-theoretic notation not explicitly defined 
can be found in [2]. 
A vertex-deleted subgraph (or card), G - v, of a graph G is obtained from G 
by deleting the vertex v and all edges incident to v. Two graphs G and H have k 
cards in common if there is some labelling of the vertices of G by vi, v2, . . . , v, 
and those of H by u1,u2,..., U, so that G - vi is isomorphic to H - ui for 
i= 1,2,. . . , k. A graph is k-adversary reconstructible if any graph H which is not 
isomorphic to G has at most k - 1 cards in common with G. The smallest value k 
for which a graph G is k-adversary reconstructible is called the adversary 
reconstruction number of G. 
A graph G on n vertices is reconstructible if there is no graph H not isomorphic 
to G with n cards in common with G. The famous reconstruction conjecture 
states that all graphs on three or more vertices are reconstructible. Bondy and 
Hemminger [3] is a comprehensive survery of the work done on the reconstruc- 
tion problem up to 1976. It is hoped that the study of the adversary reconstruc- 
tion problem will result in further advances on the reconstruction problem. 
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Very little research has been done on the adversary reconstruction problem. 
The first paper in this area is Harary and Manvel [5]. One question asked in that 
paper is, what is the maximum number of cards that two nonisomorphic graphs 
on n vertices can have in common? Harary and Manvel gave a family of graph 
pairs with n/2 + 1 cards in common. Bondy [4] found a family of graph pairs with 
slightly more common cards, n/2 + 1.5. In Section 3, we improve on this by 
exhibiting on infinite family of graphs with n/2 + Q(fi) cards in common. These 
families suggest that to maximize the number of cards in common, it is necessary 
to select graphs with different numbers of edges. Other references to the 
adversary reconstruction problem are [ 1,7]. 
In Section 2, we show that there do not exist non-isomorphic graphs G and H 
on n vertices with IZ - 1 cards in common except possibly when G and H are 
graphs with the same numbers of edges and the same degree sequences. This 
proves that the degree sequence and the number of edges are reconstructible 
from any n - l-subset of the cards. 
2. Reconstructing the degree sequence 
What is the maximum number of cards that two non-isomorphic graphs on n 
vertices can have in common? For 3 s n =Z 6, there exist pairs of non-isomorphic 
graphs with n - 1 common cards. A reasonable question to ask is whether these 
pairs are members of an infinite family of graph pairs with n - 1 common cards. 
In all of these pairs, the following are true: 
(1) one of the graphs has one more edge than the other, and 
(2) the degree sequences are different. 
In this section, we show that two non-isomorphic graphs on it 2 7 vertices 
satisfying either one of the above two properties never have more than n - 2 
common cards. 
The following two lemmas prove very useful in what follows. We use d(v) to 
denote the degree of vertex Y. 
Lemma 2.1. Let G and H be graphs with e and e + k edges respectively, k 2 0. Zf 
G-v-H-u, d(u)=d(v)+k. 
Proof. The number of edges on G - v is e - d(v). This is equal to the number of 
edges on H - u since these two cards are isomorphic. The number of edges on 
H-u is e + k - d(u). Thus, e -d(v) = e + k -d(u), and hence, d(u) = d(v) + 
k. q 
Suppose that G and H have n - 1 cards in common. In order to simplify 
notation, we label the vertices in G and H so that G - vi = H - ui for 
i = 1,2, . . . , n - 1. 
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Lemma 2.2. Let G and H be graphs with e and e + k edges respectively, k 2 0. Zf 
G and H have n - 1 cards in common, then 
d(v,) - d(u,) = k(n - 3). 
Proof. It is well known that the sum of the degrees of the vertices of a graph is 
twice the number of edges. From G, 
(1) v & d(uJ = 2e. 
From H, 
(2) c d(u) = 2(e + k). 
u,EV(W 
Subtracting equation (1) from (2) and applying Lemma 2.1 gives 
k(n - 1) + d(u,) - d(v,) = 2k. Cl 
Our aim is to prove the following theorem. 
Theorem 2.3. For n a 7, the number of edges of a graph on n vertices is 
reconstructible from n - 1 cards. 
Proof. If G and H are graphs on n vertices which differ by two or more edges, 
then by Lemma 2.2, d(v,) - d(u,) 3 2(n - 3). But d(v,) - d(u,) s n - 1. Thus, 
we get a contradiction for n > 6 (this was also noted by Manvel in [6, p. 2091). 
For graphs which differ by one edge, this result is true by Lemmas 2.4, 2.6, and 
2.8 which follow. 0 
For the rest of this section, let G and H be two non-isomorphic graphs on n 
vertices so that H has one more edge than G. 
Lemma 2.4. Let G and H be graphs on n 2 3 vertices with e and e + 1 edges 
respectively. Zf G and H have n - 1 cards in common, then the vertices v, in G 
and u, in H are such that either: 
(1) d(v,) = n - 3, and d(u,) = 0, or 
(2) d(v,) = n - 2, and d(u,) = 1, or 
(3) d(v,) = n - 1, and d(u,) = 2. 
Note that in case (3), the pair (fi, G) is covered by case (1). 
Proof. By Lemma 2.2, d(v,) - d(u,) = n - 3. These are the only possible 
solutions because 0 s d(u,), d(v,) c n - 1. 0 
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Lemma 2.5. Let G and H be a pair of graphs on n vertices with e and e + 1 edges 
respectively to which case (2) of the previous lemma applies. If G has some 
isolated vertex v, then n s 4. 
Proof. The graph H has no isolated vertices since d(u) > 0 for i # n by Lemma 
2.1, and d(u,) = 1. G has at most one isolated vertex because d(v,) = n - 2 and 
hence, v, is adjacent to all but one of the vertices in G. Because the vertex v of G 
has degree zero, all of the cards G - vi such that i #n have an isolated vertex 
except possibly for the card G - v. As a result, all vertices Ui in H with i #n are 
adjacent to a leaf except possibly for one. This means that H has at least n - 2 
leaves. At least n - 3 of these leaves correspond to the vertices for which G and 
H have common cards. Since any card created by deleting a leaf of H corresponds 
to a card obtained from G by the deletion of an isolated vertex, n - 3 c 1 and 
hence n c 4. Cl 
Lemma 2.6. For n > 6, two graphs G and H with e and e + 1 edges respectively 
cannot have n - 1 cards in common when G and H are graphs for which case (2) 
of Lemma 2.4 applies. Furthermore, the only such graph pair on six vertices with 
jive cards in common is as pictured in Fig. 1. 
Proof. We will show that if G and H are as stated in the theorem, then their 
structure is as shown in Figs. 2 and 3. In these figures, G’ is some (as yet 
undetermined) subgraph of G. This is indicated by the ellipse around the vertices 
of G’. The subgraph of G induced by the vertices of G’ is isomorphic to that of H 
induced by the vertices of G’. Vertices v, and v,-i of G are adjacent to all of the 
vertices of G’ in G. Vertices v; and u,_~ of H are adjacent to all of the vertices of 
G’ in H. 
First note that the graph G has no isolated vertices by Lemma 2.5. Since 
(Z?, G) is also a pair satisfying case (2) of Lemma 2.4, H has no isolated vertices, 
and consequently, H has no vertices of degree n - 1. 
Let u, be the vertex of H that does not correspond to a card that H has in 
common with G. Since G and H are as in case (2) of Lemma 2.4, d(u,) = 1. Let 
u,_~ be the vertex of H adjacent to u,. H - u,-~ has an isolated vertex (un). On 
the remaining cards that H has in common with G, u,, appears as a leaf. 
Let v, be the vertex of G which does not correspond to a card that G has in 
common with H. Since G and H are as in case (2) of Lemma 2.4, d(v,) = n - 2. 
1 
4 5 x37 2 3 
Fig. 1. The graph pair with five common cards. 
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G’ G' 
Fig. 2. G. Fig. 3. H. 
Hence, VJ, is adjacent to all but one of the other vertices of G. Give the label v,_* 
to the vertex which is not adjacent to v,. None of the vertices adjacent to v, 
appears as an isolated vertex on a card which G has in common with H (since 
they are adjacent to v,). Hence only the vertex v,-2 can correspond to the 
isolated vertex on the card H - u,-,. As a result, vertex v,_~ has degree one in 
G. (It cannot have degree zero by Lemma 2.5. If it had degree two or more, then 
it would not be an isolated vertex on any card of G.) Label the vertex adjacent to 
v,_~ in G as q-i. 
We have proved so far that G is as pictured in Fig. 4. In this figure, G” is some 
(as yet undetermined) subgraph of G. The multiple lines from v,-, to G” mean 
that there is some (as yet undetermined) set of edges between v,_i and the 
vertices of G”. The reader is encouraged to use these conventions in order to 
draw similar figures to aid in comprehending this proof. 
Let us now try to reconstruct H from G - v,_i. From the previous discussion, 
G - v,-i = H - u,-~. Let VA be the vertex of H - u,-~ which corresponds to v, 
on G - v,_i. The graph H must be as pictured in Fig. 5. Since d(v,) = IZ - 2, 
d(vL) = 12 - 3 if v; is not adjacent to u,_i and n - 2 otherwise. The multiple lines 
between VA and u,-i indicate that we have not yet determined whether the edge 
(VA, u,-i) is present. The subgraph of G induced by the vertices of G” is 
isomorphic to that of H induced by the vertices of G”. 
We now determine the degree of u,-i. Look at the card G - v,_~. This card is 
isomorphic to H - u,-~ for some vertex u,_~, u,_~ # u,-i (the card H - u,_~ is 
V, 
, 
s-1 u, 
a- . 
G ” 
Fig. 4. G. 
G ” 
Fig. 5. H. 
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already paired with G - v,-J. The vertex u,~ is a leaf on this card and is adjacent 
to u,-r. Since all leaves of G - v,_* are adjacent to v,, u,_~ is mapped to IJ, on 
this card. Because U, is adjacent to all the vertices on G - v,,_~, d(u,_J 2 at - 2. 
But we noted at the outset that no vertex of H has degree n - 1. Hence, 
d(u,_,) = Iz - 2. 
The vertex u,-~ has degree two since v,_~ has degree one (Lemma 2.1). For 
12 26, d(v,9>2. Thus, u,_~#v;. Since u,-r is adjacent to all the vertices on 
H - u,-~, u,-~ is adjacent to v;. This implies that d(vA) = IZ - 2. 
The card G - v,-~ has some leaf v,_~ which maps to U, on H - u,_*. By 
Lemma 2.1, since G-v,_r= H - u,_~, d(v,_,) = d(~,_~) - 1 = IZ - 3. The de- 
gree of v,_.~ on G - v,-~ is d(~,_~) - 1 = n - 4. This is greater than one for 
n 3 6. As a result, for IZ 2 6, v,_r is not a leaf of G - v~_~, and hence, 
v,_r # v,_~. Since v,_~ is not adjacent to v,_.~, d(~,_~) = 1. 
Let u,-~ be the vertex of H that corresponds to v,_~ on G - v,_r (isomorphic 
to H - u,-1). Because H - u,_~ is isomorphic to some card of G, and G has no 
isolated vertices, d(~,-~) 22 (Lemma 2.1). Thus, u,_-r is adjacent to u,_~. 
Note that G - v,,-~ y H - u,_~ since on G - v,_~, v, is adjacent to all vertices 
on the card; on H - u,_~, there is no vertex adjacent to all the others. Thus, this 
vertex u,-~ such that H - u,-~ = G - v,_~ is not similar to u,_~. The vertex u,__~ 
has degree two. The only possibility for u,-~ is the unique vertex which is not 
adjacent to u,-r. All other vertices of H are adjacent to both VA and u,-r, and as 
a result, if they have degree two they are similar to u,-~. 
All leaves of G except v,,_:! are similar to v,_~. Thus because G - v,_.~ 3 H - 
u,_~, G - v,_~ = H - u,_~. The vertex U, is the only leaf on H - u,_~ since 
otherwise H has some leaf other than u, (not allowed since G has no isolated 
vertices). This immediately implies that v,_~ maps to u,-~ on this card. Let u,!-~ 
is the unique vertex of G which maps to u,._~ on G - v,-~ (=H - u,-~). Since 
v,_~ maps to u,_~, u,_~ ’ is the unique vertex of G which is not adjacent to v,-~. 
G and H now appear as shown in Figs 2 and 3. Also, G - v,-r = H - u,-,, 
G - v,,-~ = H - u,-~, and G - v,_~ = H - u,-~. Note that the degrees in G’ are 
the same in G and H. 
The vertices of G for which we have not yet found the isomorphic card of H are 
u;__~ and the vertices in G’. The corresponding vertices of H are VA and the 
vertices in G’. By Lemma 2.1, we can label the vertices of G’ as vl, v2, . . . , v,_.+ 
so that d(v,) = 3 and G - L&-~ = H - vl, d(v2) = 4 and G - v, -L H - v2, d(v3) = 
5 and G-v2=H-v3,. . . , d(v,-=J=n -3 and G -v,_~=H -v,_~, and fi- 
nally, G - v,-~ = H - VA. This gives the pair shown in Fig. 1 for n = 6. 
On the cards of G which result from deleting uL_,, vl, v2, . . . , v,+,, there are 
at least two leaves. Hence, the corresponding vertex deleted in H is adjacent to a 
vertex of degree two. This restricts the order of G’ to be at most one since there 
is only one vertex in G’ adjacent to a vertex of degree two, namely u,_~. Thus, 
no such graph pair exists for n > 6. 0 
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Now that graph pairs which are case (2) of Lemma 2.4 have been eliminated, 
we consider those which are case (1). The following two lemmas prove that case 
(1) does not occur for n 2 7 vertices. 
Lemma 2.7. Let G and H be a pair of graphs on n vertices with e and e + 1 edges 
respectively which is case (1) of Lemma 2.4. Then G has an isolated vertex if 
n >4. 
Proof. Because the vertex U, of H has degree zero, H has an isolated vertex on 
every common card. The vertex v, in G has degree n - 3. Thus, all vertices of G 
but two are adjacent to v,. Any vertex adjacent to v, never appears on a 
common card as an isolated vertex. Also, for n > 4, v, never appears as an 
isolated vertex on any common card. 
Let the two vertices not adjacent to v, be v1 and v2. If neither of these is an 
isolated vertex, then v1 is adjacent to some vertex of G say vi, and v2 is adjacent 
to some vertex of G say vi. But then, the only cards of G (besides possibly 
G - v,) on which there is an isolated vertex are G - vi and G - vj. This is a 
contradiction for n > 4. Cl 
Lemma 2.8. For n 3 7, there are no graph pairs on n vertices which are case (1) of 
Lemma 2.4. 
Proof. Suppose that there is such a graph pair on n vertices. By Lemma 2.7, G 
has an isolated vertex. Delete this isolated vertex from G to create a graph G’. 
Delete the isolated vertex u,, from H to create H’. This creates a pair (G’, H’) on 
n - 1 vertices. G’ y H’ since G’ has one fewer edge than H’. If G - u = H - v 
with u not the isolated vertex which is deleted from G to create G’, then 
G’ -u L- H’ -v. Thus we have a pair of graphs with n - 1 vertices and n - 2 
cards in common. 
There are no pairs on seven vertices which are case (1) of Lemma 2.4 
(exhaustive search [7] reveals that graphs on seven vertices have at most five 
common cards). We have shown that if there is a pair (G, H) on n vertices, 
satisfying case (l), then there is a pair (G’, H’) on n - 1 vertices satisfying either 
case (1) or case (2). For n > 8, n - 12 7 and consequently by Lemma 2.6, this 
pair is not case (2) of Lemma 2.4. By induction, there are no pairs which are case 
(1) either. Cl 
Corollary 2.9 For n 2 7, the degree sequence of a graph on n vertices is 
reconstructible from n - 1 cards. 
Proof. If G and H have n - 1 cards in common, they have the same number of 
edges (Theorem 2.3). By Lemma 2.1, n - 1 of their degrees are the same. This is 
sufficient to imply that they have the same degree sequence. 0 
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3. Graphs with large adversary reconstruction number 
In this section, we present families of non-isomorphic graph pairs which have a 
large number of common cards. This is followed by conjectures for upper bounds 
on the adversary reconstruction number of a graph. We first consider pairs where 
the two graphs in the pair have the same degree sequences. 
In the following lemma, we describe an infinite family of graph pairs with the 
same degree sequence and (n + 1)/2 cards in common. No known families of 
non-isomorphic pairs with the same degree sequence have more cards in 
common. 
The graph Pk is a path with k vertices. C, is a cycle with k vertices. Kk is a 
complete graph on k vertices. 
Lemma 3.1. For all k 3 1, there are non-isomorphic graphs G and H on 
n = 6k + 5 vertices having the same degree sequence and (n + 1)/2 cards in 
common. 
Proof. Let G consist of P3k+2 plus (k + 1) copies of K3, and H consists of 
p2, C3k+3 P lus k copies of K3. Deleting a vertex in a K, of G creates a card 
isomorphic to that obtained by deleting a vertex in the C,k+, of H. 0 
The exhaustive search described in [7] revealed that two graphs on n s 9 
vertices with the same degree sequence have at most (n + 1)/2 cards in common. 
Considering this together with the infinite family presented in Lemma 3.1, it 
seems reasonable to conjecture that this is an upper bound on the number of 
cards that two graphs with the same degree sequence can share. 
Conjecture 3.2. Two non-isomorphic graphs on n vertices with the same degree 
sequence have at most (n + 1)/2 cards in common. 
Since the degree sequence is a reconstructible parameter, Conjecture 3.2 
implies the reconstruction conjecture. 
We now consider pairs where the degree sequences of the graphs are not 
necessarily the same. The known family with the most common cards is described 
in the following lemma. 
Lemma 3.3. For all p 2 1, there exist non-isomorphic graphs G, H on n = 
(p + 1)(2p - 1) vertices with 
cards in common. 
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Proof. Let G consist of p + 1 copies of K, and p - 1 copies of Kp+,. Let H 
consist of one copy of K,_, , p - 1 copies of Kp, and p copies of Kp +1. The card 
created by deleting a vertex in the K,, of G is isomorphic to that created by 
deleting a vertex in the Kp+l of H. Hence, these graphs have p(p + 1) cards in 
common. But, 
p@+1)=(P+1)(2P-1)+P+1_n+P~ -- 
2 2 2 2’ 
We can solve for p in terms of n by using the quadratic equation. 0 
With this infinite family of graph pairs in mind, we conclude with the following 
conjecture. 
Conjecture 3.4. Two non-isomorphic graphs on n vertices can have at most 
cards in common. 
4. Open problems 
The following problems suggest ways in which the results in this paper can be 
improved. 
(1) Does there exist a pair of non-isomorphic graphs on the least ten vertices 
with more common cards than the family given in Lemma 3.3? 
(2) Does there exist a family of pairs of non-isomorphic graphs with more 
common cards than those given in Lemma 3.3? 
(3) The family of pairs given in Lemma 3.3 is only defined for values of II equal 
to (p + 1)(2p - 1). What is the best we can do for intermediate values of n? Is 
there any way to ‘interpolate’ this family to create pairs for the intermediate 
values? 
(4) How many cards are needed to reconstruct the number of edges of a 
graph? (A lower bound is given by the family in Lemma 3.3, an upper bound of 
n - 1 is proved in Section 2.) Can the upper bound in Section 2 be improved by 
more than a constant factor? 
(5) Does there exist a pair of non-isomorphic graphs with the same degree 
sequence with more than (n + 1)/2 common cards? (If not, the reconstruction 
conjecture is true). 
(6) Can the proof techniques used in Section 2 be used on pairs having the 
same degree sequence? How? 
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